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Universal central extensions of slm|n over Z/2Z-graded algebras
Hongjia Chen, Jie Sun
Abstract
We study central extensions of the Lie superalgebra sl
m|n(A), where A is a Z/2Z-graded
superalgebra over a commutative ring K. The Steinberg Lie superalgebra st
m|n(A) plays a
crucial role. We show that st
m|n(A) is a central extension of slm|n(A) for m+ n ≥ 3. We use a
Z/2Z-graded version of cyclic homology to show that the center of the extension is isomorphic to
HC1(A) as K-modules. For m+n ≥ 5, we prove that stm|n(A) is the universal central extension
of sl
m|n(A). For m + n = 3, 4, we prove that st2|1(A) and st3|1(A) are both centrally closed.
The universal central extension of st2|2(A) is constructed explicitly.
Keywords. Universal central extensions, Lie superalgebras, Steinberg superalgebras.
1 Introduction
Central extensions are important in physics as they can reduce the study of projective representa-
tions to the study of true representations. Although finite dimensional simple Lie algebras have no
nontrivial central extensions, infinite dimensional Lie algebras, by contrast, have many interesting
central extensions. In order to find “all” central extensions of a given Lie algebra, it’s often helpful
to determine the universal central extension, which exists for perfect Lie algebras (well-known)
and superalgebras [N1]. An example of infinite dimensional Lie algebra is the (untwisted) loop
algebra g⊗CC[t
±1], where g is a finite dimensional simple Lie algebra over C. The universal central
extension of g ⊗C C[t
±1], which is one dimensional, gives an affine Kac-Moody Lie algebra. The
(untwisted) multiloop algebra g ⊗C C[t
±1
1 , t
±1
2 , · · · , t
±1
n ] and its universal central extension play an
important role in the theory of extended affine Lie algebras [AABGP], [N2].
In [K1] C. Kassel constructed the universal central extensions of g ⊗K A by using Ka¨hler
differentials, where g is a finite dimensional simple Lie algebra over a commutative unital ring K
and A is a commutative, associative, unital K-algebra. Kassel’s model was generalized in [BK]
under certain conditions. Twisted forms of g⊗K A, which include twisted (multi)loop algebras as
examples, and their central extensions were studied in [S] by using the descent theory. In particular,
the universal central extension of a multiloop Lie torus was given by the descent construction. A
different construction of central extensions of centreless Lie tori by using centroidal derivations was
given in [N2]. When g is a basic classical Lie superalgebra over K, central extensions of g ⊗K A
were given in [IK1] by using Ka¨hler differentials. The second homology of the Lie superalgebra
g⊗K A and its twisted version was calculated in [IK2].
When specializing g = sln or slm|n, central extensions of g⊗K A for more general A have been
studied by several authors. In [KL], the universal central extension of sln(A) for n ≥ 5, where A is
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an associative, unital K-algebra, was constructed by cyclic homology of A. The universal central
extension of slm|n(A) was studied in [MP] for m + n ≥ 5, and in [SCG] for m + n = 3, 4. When
A is a Z/2Z-graded, associative, unital K-superalgebra, the universal central extension of sln(A)
was constructed by a Z/2Z-graded version of cyclic homology of A in [CG]. Thus it’s natural
to consider the matrix Lie superalgebra slm|n(A), where A is a Z/2Z-graded, associative, unital
K-superalgebra, since it combines the two cases of slm|n(A) for A a (non-super)algebra and sln(A)
for A a superalgebra. In the case where A is supercommutative, slm|n(A) and its central extensions
have applications to superconformal field theory and superstring theory (see [KT]).
In this paper, after reviewing some basics of central extensions of Lie superalgebras, we define
the Lie superalgebra slm|n(A), for m+ n ≥ 3, to be the subsuperalgebra of glm|n(A) generated by
the elements Eij(a), 1 ≤ i 6= j ≤ m + n, a ∈ A, where Eij(a) has entry a at the position (ij)
and 0 elsewhere. We show that slm|n(A) = [glm|n(A), glm|n(A)]. Under the usual supertrace of a
matrix in glm|n(A), not every matrix in slm|n(A) has supertrace in [A,A]. Thus we introduce a new
supertrace on glm|n(A) by defining str(Eij(a)) := δij(−1)
|i|(|i|+|a|)a. Under this new supertrace,
every matrix in slm|n(A) has supertrace in [A,A]. After showing the perfectness of slm|n(A), we
study central extensions of slm|n(A) by defining the Steinberg Lie superalgebra stm|n(A). We show
that stm|n(A) is a central extension of slm|n(A) form+n ≥ 3, and the kernel of this central extension
is isomorphic to the first Z/2Z-graded cyclic homology group of A. For m+ n ≥ 5, we prove that
stm|n(A) is the universal central extension of slm|n(A). As an application, we describe the universal
central extension of the Lie superalgebra slI(A), where I = I0¯ ∪ I1¯ is a (possibly infinite) superset
with |I| ≥ 5. For m+ n = 3, 4, we prove that st2|1(A) and st3|1(A) are both centrally closed. The
universal central extension of st2|2(A) is constructed explicitly through a super 2-cocycle.
2 Review of central extensions of Lie superalgebras
Let K be a commutative unital ring. We assume throughout this paper that 2 is invertible in K.
A K-superalgebra is a K-supermodule A = A0¯ ⊕ A1¯ together with a K-bilinear map A × A → A,
called product, of degree 0. A K-superalgebra L with product [·, ·] is a Lie K-superalgebra if for all
x, y, z ∈ L, we have
[x, y] = −(−1)|x||y|[y, x],
[x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]].
Formulas involving degree functions are supposed to be valid for homogeneous elements.
Let L = L0¯ ⊕ L1¯ be a Lie superalgebra over K. The pair (L˜, ϕ), where L˜ = L˜0¯ ⊕ L˜1¯ is a Lie
superalgebra and ϕ : L˜→ L an epimorphism, is called a central extension of L if Ker(ϕ) ⊂ Z(L˜),
where Z(L˜) := {z ∈ L˜ | [z, x] = 0 for all x ∈ L˜} is the center of L˜. Thus [Ker(ϕ), L˜] = 0. A
central extension (L˜, ϕ) of L is called universal if for any central extension (L′, ψ) of L there exists
a unique homomorphism η : L˜→ L′ such that ψ ◦ η = ϕ. A universal central extension of L exists
and is then unique up to a unique isomorphism if and only if L is perfect [N1].
Similar to Lie algebras, a central extension of a Lie K-superalgebra L can be constructed by
using a 2-cocycle τ : L× L→ C. Here C is a K-supermodule, τ is K-bilinear of degree 0 whence
τ(Lα, Lβ) ⊂ Cα+β for α, β ∈ Z/2Z, alternating in the sense that τ(x, y) + (−1)
|x||y|τ(y, x) = 0 and
satisfies
(−1)|x||z|τ(x, [y, z]) + (−1)|y||x|τ(y, [z, x]) + (−1)|z||y|τ(z, [x, y]) = 0.
2
Equivalently, a 2-cocycle is a map τ : L×L→ C such that L⊕C is a Lie superalgebra with respect
to the grading (L⊕ C)α = Lα ⊕ Cα and product [l1 ⊕ c1, l2 ⊕ c2] = [l1, l2]L ⊕ τ(l1, l2) where [., .]L
is the product of L. In this case, the canonical projection L⊕ C → L is a central extension.
3 The Lie superalgebra slm|n(A)
Let A = A0¯ ⊕ A1¯ be a Z/2Z-graded, associative, unital K-superalgebra. Elements of K have
degree 0. Let Mm|n(A) be the (m + n) × (m + n) matrix superalgebra with coefficients in A and
deg(Eij(a)) = deg(Eij)+deg(a) = |i|+ |j|+ |a|, for 1 ≤ i, j ≤ m+n and any homogeneous element
a ∈ A, where |i| = 0 if 1 ≤ i ≤ m, and |i| = 1 otherwise. Here Eij(a) has entry a at the position (ij)
and 0 elsewhere. Let glm|n(A) be the Lie superalgebra associated to the associative superalgebra
Mm|n(A). Its product is given by [X,Y ] = XY − (−1)
|X||Y |Y X.
Definition 3.1. For m+ n ≥ 3, the Lie superalgebra slm|n(A) is the subsuperalgebra of glm|n(A)
generated by the elements Eij(a), 1 ≤ i 6= j ≤ m+ n, a ∈ A.
The canonical matrix units Eij(a), Ekl(b) ∈ slm|n(A) satisfy the relation
[Eij(a), Ekl(b)] = δjkEil(ab)− (−1)
|Eij(a)||Ekl(b)|δliEkj(ba).
The following lemma shows that the Lie superalgebra slm|n(A) can be equivalently defined as
slm|n(A) = [glm|n(A), glm|n(A)], the derived subsuperalgebra of glm|n(A).
Lemma 3.1. The Lie superalgebra slm|n(A) satisfies slm|n(A) = [glm|n(A), glm|n(A)].
Proof. Since Eij(a) = [Eik(a), Ekj(1)] for distinct i, j, k, we have slm|n(A) ⊆ [glm|n(A), glm|n(A)].
On the other hand, for i 6= j, we have
[Eij(a), Eji(b)]− (−1)
|a|·|b|[Eij(1), Eji(ba)]
=Eii(ab)− (−1)
(|i|+|j|+|a|)(|i|+|j|+|b|)Ejj(ba)− (−1)
|a|·|b|(Eii(ba)− (−1)
(|i|+|j|)(|i|+|j|+|a|+|b|)Ejj(ba))
=Eii(ab)− (−1)
|a|·|b|Eii(ba) = Eii([a, b])
=[Eii(a), Eii(b)].
Thus [glm|n(A), glm|n(A)] ⊆ slm|n(A). Hence slm|n(A) = [glm|n(A), glm|n(A)].
The usual supertrace of a matrix X = (xij) ∈ glm|n(A) is given by
∑m
i=1 xii−
∑m+n
i=m+1 xii. Under
this supertrace, not every matrix in slm|n(A) has supertrace in [A,A], where [A,A] is the span of
all commutators [a1, a2] = a1a2 − (−1)
|a1||a2|a2a1, ai ∈ A. Thus we introduce a new supertrace
on glm|n(A). Define str(Eij(a)) := δij(−1)
|i|(|i|+|a|)a and extend linearly to all of glm|n(A). This
supertrace is equivalent to the definition in [M]. If n = 0 or A1¯ = {0}, then this new supertrace
coincides with the usual supertrace. Using this new supertrace, we have the following lemma.
Lemma 3.2. The Lie superalgebra slm|n(A) satisfies slm|n(A) ⊂ {X ∈ glm|n(A) | str(X) ∈ [A,A]}.
In addition, if m ≥ 1, then we have slm|n(A) = {X ∈ glm|n(A) | str(X) ∈ [A,A]}.
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Proof. Denote slm|n(A) = {X ∈ glm|n(A) | str(X) ∈ [A,A]}. For any 1 ≤ i, j, k, l ≤ m + n and
homogeneous elements a, b ∈ A, we have
str
(
[Eij(a), Ekl(b)]
)
=str
(
δjkEil(ab)− (−1)
(|i|+|j|+|a|)(|k|+|l|+|b|)δilEkj(ba)
)
=δilδjk
(
(−1)|i|(|i|+|a|+|b|)ab− (−1)(|i|+|j|+|a|)(|j|+|i|+|b|)(−1)|j|(|j|+|a|+|b|)ba
)
=δilδjk(−1)
|i|(|i|+|a|+|b|)
(
ab− (−1)|a|·|b|ba
)
∈ [A,A].
Thus slm|n(A) ⊆ slm|n(A). In addition, if m ≥ 1, let X =
m+n∑
i=1
Eii(ai) ∈ slm|n(A), where ai’s are
homogeneous elements in A. Then str(X) =
m+n∑
i=1
(−1)|i|(|i|+|ai|)ai ∈ [A,A]. Moreover, we have
X +
m+n∑
i=2
(−1)|i|(|i|+|ai|)[E1i(ai), Ei1(1)] =
m+n∑
i=1
Eii(ai) +
m+n∑
i=2
(
(−1)|i|(|i|+|ai|)E11(ai)− Eii(ai)
)
=E11(
m+n∑
i=1
(−1)|i|(|i|+|ai|)ai) ∈ E11([A,A]) = [E11(A), E11(A)] ⊆ [glm|n(A), glm|n(A)] = slm|n(A).
Thus X ∈ slm|n(A) and slm|n(A) ⊆ slm|n(A). Hence slm|n(A) = slm|n(A).
Lemma 3.3. The Lie superalgebra slm|n(A) is perfect, i.e., [slm|n(A), slm|n(A)] = slm|n(A).
Proof. The perfectness follows from Eij(a) = [Eik(a), Ekj(1)] for distinct i, j, k and any a ∈ A.
The perfectness of slm|n(A) guarantees that the universal central extension of slm|n(A) exists.
4 Central extensions of slm|n(A)
To study central extensions of slm|n(A), we define the Steinberg Lie superalgebra stm|n(A) as follows
by generators and relations.
Definition 4.1. For m + n ≥ 3, the Steinberg Lie superalgebra stm|n(A) is defined to be the
Lie superalgebra over K generated by the homogeneous elements Fij(a), a ∈ A homogeneous,
1 ≤ i 6= j ≤ m+ n and deg(Fij(a)) = |i|+ |j|+ |a|, subject to the following relations for a, b ∈ A:
a 7→ Fij(a) is a K-linear map, (1)
[Fij(a), Fjk(b)] = Fik(ab), for distinct i, j, k, (2)
[Fij(a), Fkl(b)] = 0, for i 6= j 6= k 6= l 6= i. (3)
Let N+ and N− be the K-submodules of stm|n(A) generated by Fij(a) for 1 ≤ i < j ≤ m+ n
and Fij(a) for 1 ≤ j < i ≤ m+ n, respectively. It is clear that N
+ and N− are subsuperalgebras
of stm|n(A). Let H be the K-submodule of stm|n(A) generated by Hij(a, b) := [Fij(a), Fji(b)] for
1 ≤ i 6= j ≤ m + n. Clearly, Hij(a, b) = −(−1)
(|i|+|j|+|a|)(|i|+|j|+|b|)Hji(b, a). The following lemma
implies that H is indeed a subsuperalgebra of stm|n(A).
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Lemma 4.1. For distinct i, j, k, we have the following identities.
(1). [Hij(a, b), Fik(c)] = Fik(abc).
(2). [Hij(a, b), Fki(c)] = −(−1)
(|a|+|b|)(|i|+|k|+|c|)Fki(cab).
(3). [Hij(a, b), Fij(c)] = Fij
(
abc+ (−1)(|i|+|j|+|a||b|+|b||c|+|c||a|)cba
)
.
Proof. Since Hij(a, b) = [Fij(a), Fji(b)], by the super Jacobi identity we have
[Hij(a, b), Fik(c)] =[[Fij(a), Fji(b)], Fik(c)] = [Fij(a), [Fji(b), Fik(c)]] + 0
=[Fij(a), Fjk(bc)] = Fik(abc), and
[Hij(a, b), Fki(c)] =[[Fij(a), Fji(b)], Fki(c)] = (−1)
(|i|+|j|+|b|)(|i|+|k|+|c|)[[Fij(a), Fki(c)], Fji(b)] + 0
=− (−1)(|i|+|j|+|b|)(|i|+|k|+|c|)+(|i|+|j|+|a|)(|i|+|k|+|c|)[Fkj(ca), Fji(b)]
=− (−1)(|a|+|b|)(|i|+|k|+|c|)Fki(cab).
Apply the first two identities, and notice that deg(Hij(a, b)) = |a|+ |b|, we have
[Hij(a, b), Fij(c)] =[Hij(a, b), [Fik(c), Fkj(1)]]
=[[Hij(a, b), Fik(c)], Fkj(1)] + (−1)
(|a|+|b|)(|i|+|k|+|c|)[Fik(c), [Hij(a, b), Fkj(1)]]
=[Fik(abc), Fkj(1)]− (−1)
(|i|+|j|+|a||b|)+(|a|+|b|)(|j|+|k|+|c|)[Fik(c), [Hji(b, a), Fkj(1)]]
=Fij(abc) + (−1)
(|a|+|b|)(|j|+|k|)(−1)(|i|+|j|+|a||b|)+(|a|+|b|)(|j|+|k|+|c|)[Fik(c), Fkj(ba)]
=Fij(abc+ (−1)
(|i|+|j|+|a||b|+|b||c|+|c||a|)cba).
From the above lemma we have [H,N±] ⊆ N±, thus N++H+N− is an ideal of stm|n(A) and
contains all generators, hence stm|n(A) = N
++H+N−. Let ϕ be the canonical Lie superalgebras
epimorphism
ϕ : stm|n(A)→ slm|n(A), Fij(a) 7→ Eij(a).
Then ϕ|N+ and ϕ|N− are injective since N
+ = ⊕1≤i<j≤m+nFij(A) and N
− = ⊕1≤j<i≤m+nFij(A),
where Fij(A) is the K-submodule {Fij(a) | a ∈ A}. We claim that the sum N
++H+N− is a direct
sum. Indeed, if n1 + h + n2 = 0 for n1 ∈ N
+, h ∈ H and n2 ∈ N
−, then 0 = ϕ(n1 + h + n2) =
ϕ(n1) + ϕ(h) +ϕ(n2). Since ϕ(n1) is the uppertriangular part of ϕ(n1 + h+ n2) in slm|n(A) , thus
ϕ(n1) = 0. The injectivity of ϕ|N+ implies n1 = 0. Similarly n2 = 0, and hence h = 0. Thus we
have the direct sum stm|n(A) = N
+ ⊕H⊕N−, in other word, we have
stm|n(A) = H
⊕( ∑
1≤i 6=j≤m+n
Fij(A)
)
. (4)
Proposition 4.1. For m+ n ≥ 3, (stm|n(A), ϕ) is a central extension of slm|n(A).
Proof. Since stm|n(A) = N
+ ⊕ H ⊕ N−, the injectivities of ϕ|N+ and ϕ|N− implies Ker(ϕ) ⊆ H.
By Lemma 4.1, we have [H,N+ ⊕N−] ⊆ N+ ⊕N−. For t ∈ Ker(ϕ), Fij(a) ∈ stm|n(A), we have
[t, Fij(a)] = n1 + n2 for some n1 ∈ N
+ and n2 ∈ N
−. This implies that
ϕ(n1 + n2) = ϕ
(
[t, Fij(a)]
)
= [ϕ(t), ϕ(Fij(a))] = 0,
hence n1 = n2 = 0. Thus Ker(ϕ) is in the center of the Lie superalgebra stm|n(A).
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5 Cyclic homology of Z/2Z-graded algebras
In this section, we will recall the cyclic homology of Z/2Z-graded algebras and relate it to the
kernel of the central extension (stm|n(A), ϕ) of the Lie superalgebra slm|n(A).
Cyclic homology of Z/2Z-graded algebras was studied in [K2] (see also [IK2]). Define the chain
complex of K-modules C∗(A) by letting C0(A) = A and, for n ≥ 1, let the module Cn(A) be the
quotient of the K-module A⊗(n+1) by the K-submodule In generated by the elements
a0 ⊗ a1 ⊗ · · · ⊗ an − (−1)
n+|an|
n−1∑
i=0
|ai|
an ⊗ a0 ⊗ a1 ⊗ · · · ⊗ an−1,
with homogeneous elements ai ∈ A for 0 ≤ i ≤ n. The homomorphism d˜n : A
⊗(n+1) → A⊗n is
given by
d˜n(a0 ⊗ a1 ⊗ · · · ⊗ an) =
n−1∑
i=0
(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an
+(−1)
n+|an|
n−1∑
i=0
|ai|
ana0 ⊗ a1 ⊗ · · · ⊗ an−1.
One can check d˜n(In) ⊆ In−1, hence it induces a homomorphism dn : Cn(A) → Cn−1(A) and we
have dn−1dn = 0. The n
th
Z/2Z-graded cyclic homology group HCn(A) of the superalgebra A is
defined as HCn(A) = Ker(dn)/Image(dn+1).
We will see that the first cyclic homology group HC1(A) is closely related to Ker(ϕ). The
K-module HC1(A) can be written down explicitly as following. Let
≪ A,A≫ = (A⊗K A)/I,
where I is the K-span of all elements of type
a⊗ b+ (−1)|a||b|b⊗ a,
(−1)|a||c|a⊗ bc+ (−1)|b||a|b⊗ ca+ (−1)|c||b|c⊗ ab
for a, b, c ∈ A. We abbreviate≪ a, b≫= a⊗b+I. Observe that there is a well-defined commutator
map
d : ≪ A,A≫→ A, ≪ a, b≫ 7→ [a, b].
Then
HC1(A) = {
∑
i ≪ ai, bi ≫ |
∑
i[ai, bi] = 0}
We have shown that stm|n(A) = N
+ ⊕ H ⊕ N−. The injectivities of ϕ|N+ and ϕ|N− implies
Ker(ϕ) ⊆ H. For the rest of this section we will assume m ≥ 1. Consider the elements
h(a, b) := H1j(a, b) − (−1)
|a||b|H1j(1, ba)
in H. The following lemma shows that the definition of h(a, b) does not depend on j, for j 6= 1.
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Lemma 5.1. For homogeneous elements a, b, c ∈ A, we have the following identities.
(1). Hij(ab, c) = Hik(a, bc) − (−1)
(|i|+|j|+|a|+|b|)(|i|+|j|+|c|)Hjk(ca, b) for distinct i, j, k.
(2). H1j(a, b) − (−1)
|a||b|H1j(1, ba) = H1k(a, b) − (−1)
|a||b|H1k(1, ba) for any j, k 6= 1.
(3). Hij(1, a) = −(−1)
(|i|+|j|+|a|)(|i|+|j|)Hji(1, a) = Hij(a, 1) = −(−1)
(|i|+|j|+|a|)(|i|+|j|)Hji(a, 1).
Proof. Since Hij(ab, c) = [Fij(ab), Fji(c)] and Fij(ab) = [Fik(a), Fkj(b)] for k 6= i, j, we have
Hij(ab, c) =[Fij(ab), Fji(c)] = [[Fik(a), Fkj(b)], Fji(c)]
=[Fik(a), [Fkj(b), Fji(c)]] + (−1)
(|k|+|j|+|b|)(|i|+|j|+|c|)[[Fik(a), Fji(c)], Fkj(b)]
=[Fik(a), Fki(bc)]] − (−1)
(|k|+|j|+|b|+|k|+|i|+|a|)(|i|+|j|+|c|)[[Fji(c), Fik(a)], Fkj(b)]
=Hik(a, bc) − (−1)
(|i|+|j|+|a|+|b|)(|i|+|j|+|c|)[Fjk(ca), Fkj(b)]
=Hik(a, bc) − (−1)
(|i|+|j|+|a|+|b|)(|i|+|j|+|c|)Hjk(ca, b), and
H1j(a, b)− (−1)
|a||b|H1j(1, ba) =H1j(a · 1, b)− (−1)
|a||b|H1j(1 · 1, ba)
=H1k(a, b)− (−1)
(|1|+|j|+|a|)(|1|+|j|+|b|)Hjk(ba, 1)
− (−1)|a||b|
(
H1k(1, ba) − (−1)
(|1|+|j|)(|1|+|j|+|a|+|b|)Hjk(ba, 1)
)
=H1k(a, b)− (−1)
|a||b|H1k(1, ba).
If we take a = b = 1 in (1) and switch j and k, we can conclude (3).
The elements h(a, b) inH satisfy nice identities, as shown in the following lemma, which suggests
key connections to the elements ≪ a, b≫ in ≪ A,A≫.
Lemma 5.2. The elements h(a, b) satisfy the following identities.
(1). h(a, 1) = h(1, b) = 0.
(2). (−1)|a||c|h(a, bc) + (−1)|b||a|h(b, ca) + (−1)|c||b|h(c, ab) = 0.
(3). h(a, b) + (−1)|a||b|h(b, a) = 0.
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Proof. The identity (1) follows from Lemma 5.1 (3). To prove the identity (2), we notice that
h(ab, c) =H1j(ab, c) − (−1)
|c|(|a|+|b|)H1j(1, cab)
=H1k(a, bc) − (−1)
(|j|+|a|+|b|)(|j|+|c|)Hjk(ca, b)
− (−1)|c|(|a|+|b|)
(
H1k(1, cab) − (−1)
|j|(|j|+|a|+|b|+|c|)Hjk(cab, 1)
)
=h(a, bc) − (−1)(|j|+|a|+|b|)(|j|+|c|)Hjk(ca · 1, b) + (−1)
(|j|+|a|+|b|)(|j|+|c|)Hjk(cab · 1, 1)
− (−1)|c|(|a|+|b|)H1k(1, cab) + (−1)
|a|(|b|+|c|)H1k(1, bca)
=h(a, bc) − (−1)(|j|+|a|+|b|)(|j|+|c|)(−1)(|j|+|b|)(|j|+|a|+|c|)
(
H1k(1, bca) −H1j(b, ca)
)
+ (−1)(|j|+|a|+|b|)(|j|+|c|)(−1)|j|(|j|+|a|+|b|+|c|)
(
H1k(1, cab) −H1j(1, cab)
)
− (−1)|c|(|a|+|b|)H1k(1, cab) + (−1)
|a|(|b|+|c|)H1k(1, bca)
=h(a, bc) + (−1)|a|(|b|+|c|)H1j(b, ca) − (−1)
|c|(|a|+|b|)H1j(1, cab)
=h(a, bc) + (−1)|a|(|b|+|c|)h(b, ca).
Thus we have
(−1)|a||c|h(ab, c) = (−1)|a||c|h(a, bc) + (−1)|b||a|h(b, ca).
Since (−1)|a||c|h(ab, c) = −(−1)|c||b|h(c, ab), we have the identity (2). If we let c = 1 in (2) and use
the fact h(1, ab) = 0, we can conclude (3).
The above lemma guarantees a well-defined K-module homomorphism
µ : ≪ A,A≫→ stm|n(A), ≪ a, b≫ 7→ h(a, b).
We claim that µ(HC1(A)) ⊂ Ker(ϕ). Indeed, if
∑
i ≪ ai, bi ≫∈ HC1(A), then
∑
i[ai, bi] = 0. Since
µ(
∑
i ≪ ai, bi ≫) =
∑
i h(ai, bi) and
ϕ
(∑
i
h(ai, bi)
)
= ϕ
(∑
i
H1j(ai, bi)− (−1)
|ai||bi|H1j(1, biai)
)
=
∑
i
[E1j(ai), Ej1(bi)]− (−1)
|ai||bi|[E1j(1), Ej1(biai)]
=
∑
i
(
E11(aibi)− (−1)
(|j|+|ai|)(|j|+|bi|)Ejj(biai)
)
−(−1)|ai||bi|
(
E11(biai)− (−1)
|j|(|j|+|ai|+|bi|)Ejj(biai)
)
=
∑
i
E11(aibi − (−1)
|ai||bi|biai)
= E11(
∑
i
[ai, bi]) = 0.
Thus µ(HC1(A)) ⊂ Ker(ϕ). Therefore the restriction of µ to HC1(A) gives a K-module homomor-
phism from HC1(A) to Ker(ϕ), namely
µ|HC1(A) : HC1(A) → Ker(ϕ), ≪ a, b≫ 7→ h(a, b).
In order to show that µ|HC1(A) is surjective, we will need the following lemma. Recall that H is the
K-submodule of stm|n(A) generated by Hij(a, b) for 1 ≤ i 6= j ≤ m+ n.
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Lemma 5.3. Every element x ∈ H can be written as x =
∑
i∈Ix
h(ai, bi) +
m+n∑
j=2
H1j(1, cj), where
ai, bi, cj ∈ A and Ix is a finite index set.
Proof. Let Hij(a, b) ∈ H, where 1 ≤ i 6= j ≤ m+ n. We consider the following two cases.
Case 1. 1 ∈ {i, j}. Without loss of generality, we may assume i = 1. In this case, we have
H1j(a, b) = H1j(a, b)− (−1)
|a||b|H1j(1, ba) + (−1)
|a||b|H1j(1, ba) = h(a, b) + (−1)
|a||b|H1j(1, ba).
Case 2. 1 /∈ {i, j}. By Lemma 5.1 (1), we have
Hij(a, b) = Hi1(a, b) − (−1)
(|i|+|j|+|a|)(|i|+|j|+|b|)Hj1(ba, 1).
Thus we reduce this case to the Case 1.
Proposition 5.1. The map µ|HC1(A) : HC1(A)→ Ker(ϕ) given by≪ a, b≫ 7→ h(a, b) is surjective.
Proof. Let x ∈ Ker(ϕ). Since Ker(ϕ) ⊂ H, by Lemma 5.3 we can write
x =
∑
i∈Ix
h(ai, bi) +
m+n∑
j=2
H1j(1, cj),
where ai, bi, cj ∈ A. Then ϕ(x) = 0 implies that
∑
i∈Ix
E11([ai, bi]) +
m+n∑
j=2
(
E11(cj)− (−1)
|j|(|j|+|cj|)Ejj(cj)
)
= 0.
Hence cj = 0 and
∑
i∈Ix
[ai, bi] = 0. Therefore,
∑
i∈Ix
≪ ai, bi ≫ ∈ HC1(A) is a preimage of
x =
∑
i∈Ix
h(ai, bi) under the restriction map µ|HC1(A).
For the next theorem we assume that A has a homogeneous K-basis {aβ}β∈B (B is an index
set), which contains the identity element 1 of A.
Theorem 5.1. Ifm+n ≥ 3, the kernel of the central extension (stm|n(A), ϕ) of the Lie superalgebra
slm|n(A) is isomorphic to HC1(A) as K-modules.
Proof. We are left to show the injectivity of µ|HC1(A). Let H1j be the K-submodule of H generated
by H1j(a, b) for a, b ∈ A. Since the set {H1j(aβ1 , aβ2)}β1,β2∈B forms a generating set for H1j, we
can choose a K-basis for H1j from this generating set and denote it by {H1j(aβ1 , aβ2)}β1∈B1,β2∈B2 ,
where B1 and B2 are subsets of B. Define a K-module homomorphism
ν : H1j →≪ A,A≫, H1j(aβ1 , aβ2) 7→≪ aβ1 , aβ2 ≫ .
Then H1j(a, b) =≪ a, b≫ for a, b ∈ A.
To show µ|HC1(A) is injective, we let µ(≪ a, b≫) = h(a, b) = H1j(a, b)−(−1)
|a||b|H1j(1, ba) = 0.
Then ν(H1j(a, b)) = ν((−1)
|a||b|H1j(1, ba)), i.e., ≪ a, b ≫= (−1)
|a||b| ≪ 1, ba ≫. In ≪ A,A ≫ we
have (−1)|b||1| ≪ b, a · 1 ≫ +(−1)|a||b| ≪ a, 1 · b ≫ +(−1)|1||a| ≪ 1, ba ≫= 0, so ≪ 1, ba ≫= 0.
Thus ≪ a, b≫= 0 and µ|HC1(A) is injective.
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Remark 5.1. In fact, if we define ν : stm|n(A) → ≪ A,A ≫ by ν(Fij(a)) = 0 for i 6= j, a ∈ A,
and ν(Hij(a, b)) = (−1)
|i|(|i|+|ab|) ≪ a, b≫ for i 6= j, a, b ∈ A, then in a similar way as in the proof
of Theorem 5.1 we can show that ν is a well-defined K-module homomorphism. In addition, the
following diagram is commutative.
stm|n(A)
ϕ
//
ν

slm|n(A)
str

≪ A,A≫
d
// [A,A]
6 Universal central extension of slm|n(A), m+ n ≥ 5
In this section, we will discuss the universality of the central extension (stm|n(A), ϕ) of the Lie
superalgebra slm|n(A) when m + n ≥ 5. Let (e, ψ) be an arbitrary central extension of the Lie
superalgebra slm|n(A). Since ψ is surjective, for any Eij(a) ∈ slm|n(A) we can choose some E˜ij(a) ∈
ψ−1(Eij(a)). First, we observe that the commutator [E˜ij(a), E˜kl(b)] doesn’t depend on the choice
of representatives in ψ−1(Eij(a)) and ψ
−1(Ekl(b)). This follows from the fact that, if Eˇij(a) ∈
ψ−1(Eij(a)), then Eˇij(a) − E˜ij(a) ∈ Ker(ψ) and Ker(ψ) is central in e. Next, we define the
elements wij(a) := [E˜ik(a), E˜kj(1)] in e for some k 6= i, j. The following lemma shows that the
definition of wij(a) does not depend on the choice of k.
Lemma 6.1. Let 1 ≤ i 6= j ≤ m+n, and suppose that 1 ≤ k, l ≤ m+n, and k, l are distinct from
i and j. Then we have [E˜ik(a), E˜kj(b)] = [E˜il(a), E˜lj(b)].
Proof. If k 6= l, then we have
[E˜ik(a), E˜kj(b)] =
[
E˜ik(a), [E˜kl(1), E˜lj(b)] + c1
]
=
[
[E˜ik(a), E˜kl(1)], E˜lj(b)
]
+ (−1)(|i|+|k|+|a|)(|k|+|l|)
[
E˜kl(1), [E˜ik(a), E˜lj(b)]
]
=[E˜il(a) + c2, E˜lj(b)] + (−1)
(|i|+|k|+|a|)(|k|+|l|)[E˜kl(1), c3]
=[E˜il(a), E˜lj(b)],
where c1, c2, c3 are central elements in e.
Theorem 6.1. For m+ n ≥ 5, (stm|n(A), ϕ) is the universal central extension of slm|n(A).
Proof. Define a map η : stm|n(A)→ e by letting η(Fij(a)) = wij(a). To show that η is a well-defined
Lie superalgebra homomorphism, we need to prove the following identities in e.
wij(xa+ yb) = xwij(a) + ywij(b), for all a, b ∈ A, x, y ∈ K. (5)
[wij(a), wjk(b)] = wik(ab), for distinct i, j, k, (6)
[wij(a), wkl(b)] = 0, for i 6= j 6= k 6= l 6= i. (7)
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The identity (5) follows from the fact that E˜il(xa+ yb) = xE˜il(a)+ yE˜il(b)+ c with c ∈ Ker(ψ).
As for (6), choose l 6= i, j, k; then
[wij(a), wjk(b)] =[wij(a), [E˜jl(b), E˜lk(1)]]
=
[
[wij(a), E˜jl(b)], E˜lk(1)
]
+ (−1)(|i|+|j|+|a|)(|j|+|l|+|b|)
[
E˜jl(b), [wij(a), E˜lk(1)]
]
=[E˜il(ab) + c1, E˜lk(1)] + (−1)
(|i|+|j|+|a|)(|j|+|l|+|b|)[E˜jl(b), c2]
=wik(ab), where c1, c2 ∈ Ker(ψ).
We need the assumption m+ n ≥ 5 to prove the identity (7) holds. Choose t 6= i, j, k, l. Then
[wij(a), wkl(b)] =
[
wij(a), [E˜kt(b), E˜tl(1)]
]
=
[
[wij(a), E˜kt(b)], E˜tl(1)
]
+ (−1)(|k|+|t|+|b|)(|i|+|j|+|a|)
[
E˜kt(b), [wij(a), E˜tl(1)]
]
=[c1, E˜tl(1)] + (−1)
(|k|+|t|+|b|)(|i|+|j|+|a|)[E˜kt(b), c2]
=0, where c1, c2 ∈ Ker(ψ).
Thus η is a well-defined Lie superalgebra homomorphism. The uniqueness of η follows from
the fact that, since Fij(a) = [Fik(a), Fkj(1)] for any distinct i, j, k, we must have η(Fij(a)) =
[η(Fik(a)), η(Fkj(1))] and η(Fik(a))− E˜ik(a), η(Fkj(1)) − E˜kj(1) ∈ Ker(ψ).
We now turn our attention to the Lie superalgebra slI(A) (see [NS]), where I = I0¯ ∪ I1¯ is a
(possibly infinite) superset. When |I0¯| = m and |I1¯| = n, slI(A) is the Lie superalgebra slm|n(A).
Let F be the set of finite subsets of I ordered by inclusion. Then the Lie superalgebra slI(A) is a
direct limit:
slI(A) =
⋃
F∈F
slF (A) ∼= lim−→
F∈F
slF (A).
Define the Steinberg Lie superalgebra stI(A) to be the Lie superalgebra over K presented by
generators Fij(a) with i, j ∈ I, i 6= j, a ∈ A and relations (1)–(3). We then have a canonical Lie
superalgebra epimorphism
ϕI : stI(A)→ slI(A), Fij(a) 7→ Eij(a).
Theorem 6.2. Assume |I| ≥ 5. Then (ϕI , stI(A)) is the universal central extension of slI(A). In
addition, if A is a free K-module, then Ker(ϕI) is isomorphic to HC1(A).
Proof. In [NS] Theorem 1.6 it was proved that the uce functor commutes with the lim
−→
functor.
Thus we have
uce(slI(A)) ∼= uce( lim−→
F∈F
slF (A)) ∼= lim−→
F∈F
uce(slF (A)).
By Theorem 6.1, we know that uce(slF (A)) = stF (A) for |F | ≥ 5. Therefore
uce(slI(A)) ∼= lim−→
F∈F
stF (A) ∼= stI(A).
In addition, if A is a free K-module, we apply Theorem 5.1 and conclude that Ker(ϕI) ∼= HC1(A).
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7 Universal central extensions of slm|n(A), m+ n = 3, 4
In this section, we will study the universal central extensions of slm|n(A) when m + n = 3, 4. By
Proposition 4.1, (stm|n(A), ϕ) is a central extension of slm|n(A) for m + n ≥ 3, thus the universal
central extension of the Lie superalgebra stm|n(A) is also the universal central extension of slm|n(A).
7.1 Universal central extensions of st2|1(A) and st3|1(A)
The following theorem claims that st2|1(A) and st3|1(A) are both centrally closed, thus the universal
central extension of slm|1(A) is stm|1(A) when m = 2 or m = 3.
Theorem 7.1. st2|1(A) and st3|1(A) are both centrally closed.
Proof. Suppose that
0 // V // e
ψ
// stm|1(A) // 0
is a central extension of stm|1(A) for m = 2 or m = 3. We need to show that there exists a unique
Lie superalgebra homomorphism η : stm|1(A)→ e so that ψ ◦ η = idstm|1(A).
First, for any Fij(a) ∈ stm|1(A), we can choose some F˜ij(a) ∈ ψ
−1(Fij(a)) and [F˜ij(a), F˜kl(b)]
doesn’t depend on the choice of representatives in ψ−1(Fij(a)) and ψ
−1(Fkl(b)). Let H˜ij(a, b) =
[F˜ij(a), F˜ji(b)], then
[H˜ik(1, 1), F˜ij (a)]− F˜ij(a) ∈ Ker(ψ),
where i, j, k are distinct. Replacing F˜ij(a) by [H˜ik(1, 1), F˜ij(a)], then the elements F˜ij(a) satisfy
the relation (1). Moreover, we have [H˜ik(1, 1), F˜ij (a)] = F˜ij(a). By the super Jacobi identity, we
have [
H˜ik(1, 1), [F˜ik(a), F˜kj(b)]
]
=
[
[H˜ik(1, 1), F˜ik(a)], F˜kj(b)
]
+
[
F˜ik(a), [H˜ik(1, 1), F˜kj(b)]
]
,
which implies
[H˜ik(1, 1), F˜ij(ab)] = [F˜ik(a+ (−1)
|i|+|k|a), F˜kj(b)]− (−1)
|i|+|k|[F˜ik(a), F˜kj(b)]
= [F˜ik(a), F˜kj(b)].
Thus
F˜ij(ab) = [F˜ik(a), F˜kj(b)]. (8)
Now, for k 6= i 6= j 6= k, we have
[F˜ij(a), F˜ij(b)] =
[
F˜ij(a), [F˜ik(b), F˜kj(1)]
]
= 0,
which follows from the super Jacobi identity and [F˜ij(a), F˜ik(b)], [F˜ij(a), F˜kj(1)] ∈ Ker(ψ).
Next, we will show that [F˜ij(a), F˜kl(b)] = 0 for i 6= j 6= k 6= l 6= i and (i, j) 6= (k, l). We will
consider the following three cases.
Case 1. If |i| = |j| = |k| = |l|, then we have m = 3 and {i, j, k, l} = {1, 2, 3}.
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If i 6= k, then
0 =
[
H˜i4(1, 1), [F˜ij (a), F˜kl(b)]
]
=
[
[H˜i4(1, 1), F˜ij (a)], F˜kl(b)
]
+
[
F˜ij(a), [H˜i4(1, 1), F˜kl(b)]
]
= [F˜ij(a), F˜kl(b)] + 0 = [F˜ij(a), F˜kl(b)].
Similarly, we can prove [F˜ij(a), F˜kl(b)] = 0 if j 6= l.
Case 2. If {i, j, k, l} = {1, 2, 3, 4}, then we can assume |i|+ |j| = 0.
Now we have
0 =
[
H˜ij(1, 1), [F˜ij(a), F˜kl(b)]
]
=
[
[H˜ij(1, 1), F˜ij(a)], F˜kl(b)
]
+
[
F˜ij(a), [H˜ij(1, 1), F˜kl(b)]
]
= 2[F˜ij(a), F˜kl(b)] + 0 = 2[F˜ij(a), F˜kl(b)].
Since 2 is invertible in K, we obtain [F˜ij(a), F˜kl(b)] = 0.
Case 3. Otherwise, we can assume |i|+ |j| = 1 and i = k or j = l.
If i = k, then
0 =
[
H˜ij(1, 1), [F˜ij (a), F˜il(b)]
]
=
[
[H˜ij(1, 1), F˜ij(a)], F˜il(b)
]
+
[
F˜ij(a), [H˜ij(1, 1), F˜il(b)]
]
= 0 + [F˜ij(a), F˜il(b)] = [F˜ij(a), F˜il(b)].
Similarly, we can prove [F˜ij(a), F˜kj(b)] = 0.
The above results imply that
[F˜ij(a), F˜kl(b)] = 0, for i 6= j 6= k 6= l 6= i, a, b ∈ A. (9)
Now since that F˜ij(a) satisfy the relations (1)-(3), there exists a unique Lie superalgebra homo-
morphism
η : stm|1(A)→ e
such that η(Fij(a)) = F˜ij(a). Evidently, ψ ◦ η = idstm|1(A) which implies that the original sequence
splits. So stm|1(A) is centrally closed when m = 2 or m = 3.
7.2 Universal central extensions of st2|2(A)
In this subsection, we will construct explicitly the universal central extension of st2|2(A). Let I
be the 2-sided Z2-graded ideal of A generated by the elements: ab− (−1)
|a||b|ba, for homogeneous
elements a, b ∈ A. Let A0 := A/I be the quotient superalgebra over K. Then A0 is super
commutative. Write a¯ = a+ I for a ∈ A. We define
P1 = {(3, 1, 4, 2), (3, 2, 4, 1), (4, 1, 3, 2), (4, 2, 3, 1)},
and
P2 = {(1, 3, 2, 4), (1, 4, 2, 3), (2, 3, 1, 4), (2, 4, 1, 3)}.
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For (i, j, k, l) ∈ P1
⊔
P2, let ǫijkl(A0) denote a copy of A0. We will identify ǫijkl(a¯), ǫilkj(a¯),
ǫkjil(a¯) and ǫklij(a¯) for a¯ ∈ A0. Thus, we have two distinct copies of A0 whose direct sum is denoted
by W. Using the decomposition (4) of st2|2(A), we define a K-bilinear map
ψ : st2|2(A)× st2|2(A)→W
by ψ(Fij(a), Fkl(b)) = (−1)
j+k+|b|ǫijkl(ab) for (i, j, k, l) ∈ P1
⊔
P2 and homogeneous elements a, b ∈
A, and by ψ(x, y) = 0 for all other pairs of elements from the summands of (4). The following
lemma shows that the above map ψ is a super 2-cocycle, thus using ψ we can construct a central
extension of st2|2(A).
Lemma 7.1. The bilinear map ψ is a super 2-cocycle.
Proof. First, we have
ψ(Fkl(b), Fij(a)) =(−1)
i+l+|a|ǫklij(ba) = (−1)
k+j+|a|+|a||b|ǫijkl(ab)
=− (−1)1+|a|+|b|+|a||b|(−1)k+j+|b|ǫijkl(ab)
=− (−1)(|i|+|j|+|a|)(|k|+|l|+|b|)(−1)k+j+|b|ǫijkl(ab)
=− (−1)(deg Fij(a))(deg Fkl(b))ψ(Fij(a), Fkl(b)),
where (i, j, k, l) ∈ P1
⊔
P2, a, b ∈ A are homogeneous and we use the fact that |i|+ |j| = |k|+ |l| = 1.
Thus ψ is (super) skew-symmetric.
Next, we will show J(x, y, z) = 0, where
J(x, y, z) = (−1)deg(x) deg(z)ψ([x, y], z) + (−1)deg(x) deg(y)ψ([y, z], x) + (−1)deg(y) deg(z)ψ([z, x], y)
for the homogenous elements x, y, z ∈ st2|2(A) in summands of (4). If a term of J(x, y, z) is not 0,
we can assume that z = Fpq(d) and 0 6= [x, y] ∈ Fst(A) with (s, t, p, q) ∈ P1
⊔
P2. Then we have
ψ([Hst(a, b), Fst(c)], Fpq(d)) = ψ(Fst(abc+ (−1)
|s|+|t|+|a||b|+|b||c|+|c||a|cba), Fpq(d)) = 0,
since |s|+ |t| = 1 and abc = (−1)|a||b|+|b||c|+|c||a|cba.
Case 1. If x or y is in H, then we can assume x = Hij(a, b), y = Fst(c) and {i, j} ∩ {s, t} 6= ∅.
We only consider one of the four possible cases: i = s and j = p. Then we have
(−1)deg(x) deg(z)J(x, y, z) =ψ([x, y], z) − (−1)deg(y) deg(z)ψ([x, z], y)
=ψ([Hsp(a, b), Fst(c)], Fpq(d))
− (−1)(1+|c|)(1+|d|)ψ([Hsp(a, b), Fpq(d)], Fst(c))
=ψ(Fst(abc), Fpq(d)) + (−1)
(1+|c|)(1+|d|)+|a||b|ψ(Fpq(bad), Fst(c))
=(−1)t+p+|d|ǫstpq(abcd) + (−1)
(1+|c|)(1+|d|)+|a||b|+q+s+|c|ǫpqst(badc)
=(−1)t+p+|d|ǫstpq(abcd) + (−1)
1+|d|+q+sǫpqst(abcd)
=0.
Case 2. If neither x nor y is in H, then we can assume that x = Fsp(a), y = Fpt(b) or x = Fsq(a),
y = Fqt(b).
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We only consider the case when x = Fsp(a) and y = Fpt(b). Then we have
(−1)deg(x) deg(z)J(x, y, z) =ψ([x, y], z) − (−1)deg(y) deg(z)ψ([x, z], y)
=ψ([Fsp(a), Fpt(b)], Fpq(d)) − (−1)
(1+|b|)(1+|d|)ψ([Fsp(a), Fpq(d)], Fpt(b))
=ψ(Fst(ab), Fpq(d))− (−1)
(1+|b|)(1+|d|)ψ(Fsq(ad), Fpt(b))
=(−1)t+p+|d|ǫstpq(abd)− (−1)
(1+|b|)(1+|d|)+q+p+|b|ǫsqpt(adb)
=(−1)t+p+|d|ǫstpq(abcd)− (−1)
|d|+q+pǫpqst(abcd)
=0,
where we use {t, q} = {1, 2} or {3, 4} for (s, t, p, q) ∈ P1
⊔
P2.
Similarly, we can show that J(x, y, z) = 0 if x = Fsq(a) and y = Fqt(b).
We therefore obtain a central extension of the Lie superalgebra st2|2(A),
0 −→W −→ st2|2(A)⊕W
π
−→ st2|2(A) −→ 0
with Lie superbracket [(x, c), (y, c′)] = ([x, y], ψ(x, y)) for all x, y ∈ st2|2(A) and c, c
′ ∈ W. π is the
projection on the first summand. We denote st2|2(A)⊕W with the above bracket by st2|2(A)
♯.
Theorem 7.2. The universal central extension of st2|2(A) is (st2|2(A)
♯, π).
Proof. Suppose that
0 −→ V −→ g
τ
−→ st2|2(A) −→ 0
is a central extension of st2|2(A). We need to show that there exists a unique Lie superalgebra
homomorphism η : st2|2(A)
♯ −→ g such that τ ◦ η = π.
Similarly as what we did in Theorem 7.1, for any Fij(a) ∈ st2|2(A) we can choose some preimage
F˜ij(a) ∈ τ
−1(Fij(a)) such that they satisfy the relations (1) and
[H˜ik(1, 1), F˜ij(a)] = F˜ij(a),
where H˜ij(a, b) = [F˜ij(a), F˜ji(b)] and i, j, k are distinct. Moreover, we can get
F˜ij(ab) = [F˜ik(a), F˜kj(b)],
and
[F˜ij(a), F˜ij(b)] = [F˜ij(a), F˜ik(b)] = [F˜ij(a), F˜kj(b)] = 0,
if i, j, k are distinct. By the choice of preimage F˜ij(a), we have µijkl(a, b) = [F˜ij(a), F˜kl(b)] ∈ Ker(τ)
for i 6= j 6= k 6= l 6= i. We first have
µilkj(bc, a) =[F˜il(bc), F˜kj(a)] = [[F˜ik(b), F˜kl(c)], F˜kj(a)]
=(−1)(|k|+|j|+|a|)(|k|+|l|+|c|)[[F˜ik(b), F˜kj(a)], F˜kl(c)]
=(−1)(|k|+|j|+|a|)(|k|+|l|+|c|)[F˜ij(ba), F˜kl(c)]
=(−1)(|k|+|j|+|a|)(|k|+|l|+|c|)µijkl(ba, c).
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Then taking b = 1 or c = 1,
µilkj(b, a) = (−1)
(|k|+|j|+|a|)(|k|+|l|+|b|)µijkl(a, b) = (−1)
(|k|+|j|+|a|)(|k|+|l|)µijkl(ba, 1) (10)
and
µijkl(a, b) = (−1)
(|k|+|j|+|a|)|b|µijkl(ba, 1) (11)
where a, b ∈ A are homogeneous and i, j, k, l are distinct. On the other hand, similarly as (3) in
Lemma 4.1, we have
[H˜ij(a, b), F˜ij(c)] = F˜ij
(
abc+ (−1)(|i|+|j|+|a||b|+|b||c|+|c||a|)cba
)
,
hence if |i|+ |j| = 0 we can get
2µijkl(a, b) = [F˜ij(2a), F˜kl(b)] = [[H˜ij(1, 1), F˜ij(a)], F˜kl(b)] = 0,
thus µilkj(b, a) = µijkl(a, b) = 0. Now if {i, j, k, l} = {1, 2, 3, 4} and (i, j, k, l) /∈ P1
⊔
P2, then we
have µijkl(a, b) = 0.
On the other hand, for all (i, j, k, l) ∈ P1
⊔
P2, |i|+ |j| = |k|+ |j| = 1¯, then for any homogeneous
elements a, b, c ∈ A, (11) implies
µijkl
(
c(ab− (−1)|a|·|b|ba), 1
)
=(−1)(|k|+|j|+|a|+|b|)|c|µijkl(ab− (−1)
|a|·|b|ba, c)
=(−1)(|k|+|j|+|a|+|b|)|c|µijkl(ab+ (−1)
|i|+|j|+|a|·|b|ba, c)
=(−1)(|k|+|j|+|a|+|b|)|c|[F˜ij(ab+ (−1)
|i|+|j|+|a|·|b|ba), F˜kl(c)]
=(−1)(|k|+|j|+|a|+|b|)|c|
[
[H˜ij(a, b), F˜ij(1)], F˜kl(c)
]
=0,
which shows µijkl(I, 1) = 0 for (i, j, k, l) ∈ P1
⊔
P2. In particular, we have
µijkl(a, b) = (−1)
(1+|a|)|b|µijkl(ba, 1) = (−1)
|b|µijkl(ab, 1).
In (10), taking a = 1 we have µilkj(a, 1) = −µijkl(a, 1) and µijkl(a, 1) = (−1)
|a|µijkl(1, a) for
(i, j, k, l) ∈ P1
⊔
P2. In particular, we get
µ1423(a, 1) = −µ1324(a, 1)
and
µ1423(a, 1) = −(−1)
1+|a|µ2314(1, a) = µ2314(a, 1) = −µ2413(a, 1).
Similarly, we have
µ3241(a, 1) = −µ3142(a, 1) = µ4132(a, 1) = −µ4231(a, 1).
Now we define a map
η : st2|2(A)
♯ −→ g
by η(Fpq(a)) = F˜pq(a) and η(ǫijkl(a)) = µijkl(a, 1) for 1 ≤ p 6= q ≤ 4, a ∈ A and (i, j, k, l) ∈ P1
⊔
P2.
By the above discussion, we know that η is a unique Lie superalgebra homomorphism such that
τ ◦ η = π.
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